In this article, we discuss the modification of double midpoint rule and corrected midpoint rule by adding the derivative evaluated at arithmetic mean of the nodes to approximate a definite integral. The proposed rules give increase of precision over the existing rules. Lastly, the effectiveness of the proposed rules is illustrated by numerical examples and the results are compared with the existing rules.
Introduction
Definite integral of the form
is an object of intensive research in mathematics. In some applications, we need to calculate the integral. If the antiderivatives of f (x) is known, the integral can be calculated using Newton-Leibniz rule. If the antiderivative function is unavailable or not easy to obtain, the integral can be approximated using a numerical integration method.
The most common numerical integration process is derived by approximating f (x) with a polynomial interpolation, known as Newton-Cotes method. The general form of the formula can be expressed as
where weights w i and nodes x i ∈ [a, b] are to be determined and E n is the error of the formula. If the end points of the interval integration are included as node points, the formula is named by closed Newton-Cotes formula, otherwise it is called open Newton-Cotes formula [3] . The improvement of closed Newton-Cotes method by including the end of interval integration as new variables to be determined was proposed by Deghan et al. [7] . Ramachandran et al. [11, 13, 14, 12] introduced an improvement of closed Newton-Cotes method by adding the derivative of the function evaluated at the geometric mean, heronian mean, root mean square, and harmonic mean. Furthermore Ramachandran and Parimala [8] modified closed Newton-Cotes method by adding the derivative of the function evaluated at the centroidal mean value. In [10] , Ramachandran et al. performed a comparison between their methods which were proposed in [15, 11, 12] .
Deghan et al. [5] and [6] 
by adding the evaluation of derivative in the midpoint, so that they obtained
Zafar et al. [16] generalized the corrected midpoint rule
by taking the linear combination of the function and its derivative values at the node points Formula midpoint can also be modified by taking
(b − a) and
In section two, we discuss the modification of double-midpoint rule (6) and corrected midpoint rule (5) by adding the derivative which is evaluated at arithmetic mean of the nodes. Then it is followed by doing the error analysis of the proposed rule in section three. The discussion is closed by performing some numerical computation to see the effectiveness of the proposed rules.
Arithmetic Mean Derivative-Based Double Midpoint Rule
In this section firstly we proposed the modification of double midpoint rule by adding the derivative evaluated at arithmetic mean in equation (6) .
has the precision three.
Proof: We show that the formula (7) is exact for f (x) = x 3 . The exact value of b a
. From (7) we obtain
This proves the theorem. 
has the precision five
Proof: The equation (8) is verified by f (x) = x 5 which has the exact value b a
This proves the theorem. 2 We have shown that the arithmetic mean derivative-based double midpoint rule has the precision three and the arithmetic mean derivative-based double midpoint rule has the precision five.
Error Analysis
We derive the error term of the arithmetic mean derivative-based double midpoint rule and the arithmetic mean derivative-based double midpoint rule using the reminder of the quadrature formulas for the monomial 
where ξ ∈ (a, b). This rule has fifth order accurate. By applying the arithmetic mean derivative-based double midpoint rule (7), we have
.
Hence the error form based on the Burg [4] is
The precision, the orders and the error terms for
, and proposed method M da are shown in Table 1 . 
then error term for arithmetic mean derivativebased corrected midpoint rule is
where ξ ∈ (a, b). This rule has seventh order accurate.
Proof: Let f (x) in equation (10) is verified by f (x) =
Next by using arithmetic mean derivative-based corrected midpoint rule, we obtain
Then based on the Burg [4] , the error form is obtained as
The precision, the orders and the error terms for M ct [16] and proposed method M cta are shown in Table 2 . 
Numerical Examples
In this section, the values of From the computational results as depicted in Table 3 , it can be seen that the error arithmetic mean derivative-based double midpoint rule and the arithmetic mean derivative based-corrected midpoint rule is smaller than the comparison rules. What we found here is in agreement with the error analysis where the precision of the method is increased respectively by one and two precisions.
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